ABSTRACT. Various parts of the spectrum of elementary operators on the Calkin algebra are characterised by means of the joint (Harte) spectra of ntuples of operators.
Our first result shows that (0.10) and (0.11) continue to hold when Z(H) is replaced by A, and we shall also show that the left and the right spectra of the restriction of La ■ Rb to the von Neumann-Schatten p-class CP(H) C Z(H) are the same as the spectrum of L" • Rb on Z(H). We should remark that both these situations have been studied by Fialkow (see [4] [5] [6] , which include some further references) and Carillo and Hernandez [2] under the more restrictive condition that a and b are both commutative. Some special cases of our results can also be found in [15] .
We recall that approximate point and defect spectrum of an operator T acting on a Banach space are, respectively, the sets (0.12) o-n(T) = {A G C, T -X is not bounded below} and (0.13) °~6(T) -{X GC, T -X is not surjective}.
We will also prove that for elementary operators on Z(H) and on A, the left spectrum is equal to the approximate point spectrum and the right spectrum is equal to the defect spectrum.
1. The spectra.
. We begin with a preliminary result, originally due to Wolf, which is given by Dash [3] and by Fillmore, Stampfli and Williams [7] . We can clearly assume that the range of P, obtained from Lemma 1, is separable. Throughout this proof, P and Q will be projections with separable infinitedimensional ranges, {Mi,i = 1,2,...} will be an orthogonal family of infinitedimensional closed subspaces of ImP, and í/¿ are partial isometries with initial spaces Im Q and final spaces M¿. Theorem 1 already gives a formula for the spectrum of an elementary operator on the Calkin algebra. But we wish to prove another, more elegant, formula. To this end we have to clarify the situation for elementary operators on Z(H) first. In our proof of the next theorem, we use techniques very similar to those in [11] and [12] , so we will be brief. We omit the proof of (1.10).
The assertions concerning the right spectra, (1.8) and (1. remain to be proved.
The proof of (1.19) for separable H follows from the Proposition. For if s G ai (a) and X G oi(s-b), then we take some noncompact projections P and Q such that (a -s)tt(P) = 0 and (s ■ b -X)tt(Q) = 0, and let S be the C*-algebra generated by Ai,... ,An,Bi,... ,Bn,I,P and Q, and pan injective representation of 7r(S). Then (p(ä) -s)ptt(P) = 0 and s G ai(a(a)) since pn(P) jé 0. Similarly A G o~i(p(s ■ b)).
By Theorem 2, £ -X cannot be invertible, and by the previous proposition neither can La-Rb~ X. This proves the first inclusion in (1.19) ; an analogous argument proves the second. If H is not separable, then first note that there exists an infinite-dimensional separable Hilbert space Ho, which reduces all Az and 5¿, such that Fialkow for a preprint of [4] and to the referee for his great care and helpful advice.
